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Smp. Seeing that you accept this axiom of Aristotle, I hardly
think you will rejet another excellent and reliable maxim of his,
namely, Nature undertakes only that which happens without
resistance; and in this saying, it appears to me, you will find the
solution of your difficulty. Since nature abhors a vacuum, she
prevents that from which a vacuum would follow as a necessary
consequence. ‘Thus 1t happens that nature prevents the separa-
tion of the two plates.

E 1

SaLv. A truly ingenious device! 1 feel, however, that for
a complete explanation other considerations might well enter;
yet I must not now digress upon this particular topic since you
are waiting to hear what I think about the breaking strength of
other materials which, unlike ropes and most woods, do not
show a filamentous structure. The coherence of these bodies
is, in my estimation, produced by other causes which may be
grouped under two heads. One is that much-talked—of repug:
which nature exhibits towards um

. - 5 substance which
bmds firmly together the component parts of the body..
Hﬂ?ﬁﬁﬂg@
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SaLv. The question now is why will
the ruler, if stood on edge, as in the first figure, withstand a
great weight T, while, when laid flat, as in the second figure,

-



SALV. . . The
answer i1s evident when we remember that in the one case

the fulcrum is at the line bc, and in the other case at ca,
while the distance at which the force is applied is the same in
both cases, namely, the length dd: but in the first case the
distance of the resist: e fulcrum—half the line ca—
1s greater than in tk nere it is only half of be.
Therefore the weight T is greater than X in the same ratio as
half the width ca is greater than half the thickness b¢, since the
former aéts as a lever arm for ca, and the latter for cb, against
the same resistance, namely, the strength of all the fibres in the
cross-section ab. |
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Fig. 1 Coordinate system and sign convention
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Effects of Strain-Gradient on the Stress-Concentration at a
Cylindrical Hole in a Field of Uniaxial Tension

N.N. ESHEL* AND G.ROSENFELD

Department of Civil Engineering, The City College of The City University of New York
(Reccived September 4, 1969 and in revised form November 18, 1969)

08 N. N. Eshel, G. Rosenfeld

theory which results is the above mentioned. E:'ouple-stress theory) or.the “Cosse, i1
‘C“onstra iined ro ‘ofationsl”. An extension of the Cosserat. theary in which the micro- elements can
defom xndependently of the local deformanon of the contmuum,,was accomphshed by Mindlin

from the mlcro-sttucture equations as exhibited by Mindlin [13].
In the present paper we consider the first strain-gradient theory. The general non-linear

theory was first given by Toupm [9] Subsequently, Mmdlm [13] derlved the lmear versmn of
thao

SUMMARY
The solution of the plane-s|
linear theory of elasticity i1

strain, The stress-concentrs . " 2
the hole are found and the; c ast C lt
elasticity. 1 .

_-1;-

the Cosserat theory is referred to as the theory of “micropolar

=

Introduction

The classical theory of elasticity of an elastic continuum presupposes that the local state of of
stress. at a.material_point_depends.on the.corresponding local. state of deformation. Such a
theory does not accommodate the effects of the atomic structure of solids.

Extensions of the conventional theory which intend to have the local state of stress depend
on the local state of deformation and on the deformations in a vicinity of the point in question,
began with Cauchy [17**. The work of Cauchy remained unnoticed until, in 1960, interest
in such extended theories was revived by the publications of Aero and Kuvshinskii [2].
Grioli [3], Rajagopal [4] and Truesdell and Toupin [5]. All these authors took into account

only that part of the first gradient of thc strain. Wthh constltutes the gradient of the rotation.

i.e., eight of the eighteen cognanan inzg

cal theory of elasticity throtg
gradient of the strain was achieved by Toupm 91

ditions.for the three forms as well as the necessary and sufficient conditions for positive defi-
niteness of the strain energy function and a theorem of uniqueness of solutions.

The linear. first strain-gradient theory diffegs from.the conventional theory of elagticity in
severalimportant aspects:

(a) -Mindlin’s. displacement-equations .of equilibrium contain two material parameters, /;,
and I, having dimensions of length. The presence of these two material length parameters
assures the qusswmmwhxch are not predlcted by the classical theory.

(b) When the length parameters mentioned above tend to zero, one recovers the classical
field equations, the classical constitutive equations and-the classical boundary conditions. In
such a transition to classical elasticity, thg.Qrder.of the governing.partial differential equations

islowered and the ausabst of therequisite. boundary conditions is diminished, i.e., boundary-
layer effects emerge.

In the present. paper we consider ;}Lstr‘gss-concentranon problem of a circular cylindrical
bole in-a-mechapically homogeneous, isotropic. and. centrosymmetric. mﬁmte elastic_solid
subjected, at infinity, to a field of uniaxial tension. Several other stress-concentration problems
_involving a single cavity have been solved in the context of the first strain-gradient theory:

—_Weitsman[ 18], Hazen and Weitsman [19]. In the first two papers,

- ﬂimmml\ constralned rnt&tlons

called it the * cou le stress

ible_ g0 as to eliminate some of the material constants from the
tters and the numerical work can be carried out without having to
>f the admissible ranges of the remaining material constants. In the
xamined_in full but the authors give an awkward representation of
Umissible.values.of stress. In all these papers, the third form of the .

wat version of the theory in which the eighteen additional variables

I GAUULLIVIL LU ULV SULGALI S LAIUALL LAV ALDS WAV LAAVe LI PV Tl WALvASUaUAs Ua taaw wuas s wassisaaes

theory exists. The Cosserat’ brothers [12] introduced a theory of mechanics of continuous
media in which a {ygg(g-e%ement is em%&m&w&efmt (material particle) of the
continuum such that the rotati cach micro-element may be different from the local rotation
_of the medium. This is equivalent to a theory of continuous media gach point of which has the
six degrees of freedom of a rigid hody. In the gwamsxcal theo“réy a_material point has_only ;he
three degrces of freedom corresponding to its posmon in space. If the micro-elements are

“frozen” in the corresponding local macro-elements i.e., if the micro rotation is constrained to

_€qual the local rotation of the continuum in the usual sense of elasticity and fluid dynamics, the

* As of Oct. 1970, The Negev University, Beer-Sheva, Israel.
** The existence of this paper was brought to the attension of the first author by R. D. Mindlin.

Journal of Engineering Math., Vol. 4 (1970) 97-111

n are the eight components of the gradient of rotation and the ten
components of the fully symmetric part of the gradient of the strain. In the present paper a
more convenient form is used i.e., that version of the theory in which the additional variablesin
the strain energy function are the eighteen components of the first gradlent of the strain. The

cairation is shown to depend..on the radins of

Loisson’s ratio. and on fournes material.pagameters. A complete investigation of the admis-

sible ranges of these new parameters is given and the effect of each of them on the solution is
examined.

1. Strain-Gradient Theory—Basic Equations

We now recall, Mindlin[13], the fundamental equations. governing. the.lineas-strain-gradic
theozyof homogeneous, isotropic and centrosymmetric glastic solids In this connection,

Journal of Engineering Math., Vol. 4 (1970) 97-111
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Fig.3-1 Circular hole in a field of uniaxial tension
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§ 1.9 The differential equations of the theory of elasticity in terms of
displacements

These equations are obtained by eliminating the stress tensor between
the equilibrium equations
divT4H+K =0

(1.9.1)

Substitution of these relations into (1.9.3) leads to the differential equat-
lon of the theory of elasticity in terms of the displacement vector

w

K
grad div u+Adu+ c= 0. (1.9.4)

Cm—2

§ 1.10 The Papkovich-Neuber form of the solutions of the equilibrium
equations of the theory of elasticity in displacements

and the required expression for the displacement vector in terms of the
harmonic vector B and the harmonic scalar B, assumes the form

u = uy+B— grad (R - B+ B,). (1.10.10)

4(m—1)

§ 2.1. Effect of a concentrated force in an infinite elastic medium

Let the point of application O of the concentrated force Q be the origin
of coordinates (the location of the source) and let the position of an ar-
bitrary point M of the elastic medium (the location of the observer) be

The expressions obtained above for the vectors B, u and £, can now be
written down in the final form

B = (1/42GR)Q, (2.1.18)

M RAAEAE S E R D TEHEICRR S, W E,
H1(a)iRT &I, WorzPMEm S (EHER)
wEoTHEZhZ2EER»S% 5, HEIL XS
BT SRS, SETARAT 2525
NTHEHCODHER->TWBEHDET S, 8T,
R4z S i3 o vwEf Liapunov iiE S* ((R1ESE
) &Ez EEAE S iIckoTHEHZhAEE R I
BT A, LES FTEEShL &R () 249, 2
D, R* HOBR~Z MV w i3/ 4 8 —DHBER

P PP W =0 (R (1)
(v:®7Y k)

ko THALEN,
Fip=0, Fz‘azo (R* ) weveenreeesrennnns (2)

EWMET2—0DA A 7B S E—2D7 b IVEE
B rickoT,
w=F (47 P)—41—)d  (R* ) (3)
(7 (@~ b L)
LEEND, TIT, AATEK S E0 EBOTH—
BHERELZLDRLZLEOD T REOBEDHRE - L
T,

I

$=0, F(P)= [, (@(@)/1@"-Plds*

' (R* P )ereeeeneeens (4)
25, 7N @) xS ETOAERE NI HERLD
Holder ik ~7 M EERB L T2, —BEBRT

Yy e G RELBIENTES, 22T, PRE
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Effects of Couple-stresses in Linear Elasticity

R. D. MINDLIN & H. F. TIERSTEN

(where ti now designates 92u/2?), we find the displacement-equation of motion

L_iy,\ }{—i—y YVV. u+97l72V><Vz<u+gf+ oVXe=pii. (3.27)
xv,q,g (B u L

T+ unll ha n]’\cor‘n{_\r‘ +]1q+ Annc nat Annany v 32 AN nn blnd fa oAl S 21 0

In view of (11.13), (11.16), (11.7) and the form of (11.14), B’ may be absorbed
in B. Thus we have, {finally,

u=B—PVYY.-B—o/V[r-(1—1F B B, (11.17)
'5 ‘u(”l—~l‘~’l72) B=—pf—~%p VX e, {(11.18)
. uVEBy=r (of +30Vxe). (11.19)

The functions B and B(, reduce to PAPKOVITCH’S functions when /=0. It may

15. Concentrated force and couple

In an 111f1n1te mechum "LCth upon stfltlmllv by body forces and body couples,

P —t
B=4nm(1—-e B,  By=o0, (15.5)

which are the stress functions for the concentrated force.

B=—

1 1 e~/
7 OXV — 55 Be=0, (15.10)

¥

which are the stress functions for the concentrated couple. @
REDYHRE
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One Solution of Three-Dimensional
Boundary Value Problems in the
Couple-Stress Theory of Elasticity

This paper describes a numerical approach for elastic boundary value problems in
the linear, couple-stress theory on the basis of the “indirect fictitious-boundary
integral method.”” In this approach we introduce appropriate potentials
corresponding to those for a concentrated force and a couple in an infinite medium,
and reduce the problem lo solving the simull Fredholm type imtegral
equations of the first kind.

As an example, the stress concentration problem is analyzed for a circular
cylinder with a semicircular annular groove under uniaxial tension. The results are
obtained for various values of parameters such as Poisson's ratio v, characteristic
lengih I, and the ratio v, of bending, twisting moduli,

dimensionless. Subsiituting equations (2) into ‘e‘qua.atiun (1),
one can obtain the displacement equation of equilibrium

(A +p)VVeu+puVia+plfvivx vxu=0 (3)
Any solution u of equation (3) is representable as [1]

(Atp) 2
=B-PVVeB— ——— V[r«(1-2V2)B+By] (4
! 202 et 0
where r is the spatial position vector, and B and.Bo are the
vector and scalar functions, respectively, characterized by

(1-Pv*)viB=0 and WV2B;=0 5)
Let 7! be the antisymmetric part of 7 and (u:I) the scalar of

u. Neither of them appears in the equation of equilibrium (1),
and they are only related by

1
=%Ix[2pﬁv2vxu+§v(p:l)] (6)
Namely, ' and (p:I) cannot be determined independently.
This is the reason why the couple-stress theory is said to be
indeterminate.

Analysis
Consider a homogeneous and isotropic medium that oc-
cupies a ‘‘real-domain’’ R bounded by a closed smooth “‘real-

Now we can get the solution of a concentrated force F
acting at the origin in an infinite medium [1] by
B=F[(1-e ") /r], B,=0

where r is a magnitude of a spatial position vector, and also
that of a concentrated couple C [1] by

B=-CxV[(1—-e""")/r], By=0
In the linear, couple-siress theory, we can superpose these
solutions. Therefore, according to the *‘indirect fictitious-
boundary integral method,” a continuous distribution of
surface densities £*(q*) and {*(q*), corresponding to con-
centrated force and couple, over a surface S* generates the
potential B for the present solution as follows:

BP)= | [6*(a")(1 —e~") /roldS*(@")

+{, r@yxvra-ee) mldst@) )
Bo(P)=0

where £*(q*) and {*(q*) are Holder continuous vector c!en-
sities at q*, P and q* are the vector variables specifying points
in R and on $*, respectively, r, is the distance between P
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THEORY OF MICROPOLAR ELASTICITY
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Hence,

A+2+ )V u—(p+) VXTI Xu-+xV XIS pf —i) =0

(22. 5)

(0 +8+y)VV ' b —y VX VX ¢+KVXu—2x¢-1—p(l i) = (

| (22.6)
XXIX. A Micropolar Infinite Solid Subjected to a
Concentrated Force and a Concentrated Couple
. 2B\ + 6p -+ 3 + 224 2u+« F-x %
= 8n2p + «)("t T+ k) R 8nl2u +)A+2u+x) R

< v X {V X [(F/R)(e* — 1)]} (29.9)

+ 41r(2p + x)?

1
L &= Ty

- 1

v X [(F/R)Y1 — e=*/7)]

4= gy ¥ X UBRNL = )
1 & = 5 V{M * V[(I/RYeRP — 1)) (29.14)
B+«

Lt aprrge X (VX (MR — Ry - ﬂ@
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The finite element method in structural
and continuum mechanics

OCYsxzvF—T4vY,/ YK Fa—v #£FE
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3.2.3 MBOTH(L @O TH) FHO-T A (initial strain) i f*ic
EHRVWOTARATH-T, L DRERICL > TEL S, WHE, HERORE, &
CRBERECLZ2O0PEET, 2F0dHl0TAaRZ PV THRbER S,

€20
{60}={ eyo} (3.11)

7 zy0
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5 LT, FEENE TR, BRI o OFHFEMBROER 6¢ DR
BELEA2Z0 3580804

ade '
{eo} = {aﬁ"} (3.12)
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